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?1955 $W$ .E.Briggs [1]
:( ) $|\gamma(n)|<\exp(\in nl\circ gn)$
for all $n>n_{0\text{ }}$ ( ) $|\gamma(n)|>\exp(-\epsilon n\log n)$ for infinitely
many n $\in$
1962 $Mitr\circ vi\acute{c}[5]$ $\gamma(2n)<0$ $n$





1989, Y.Matsuoka [3], An asymptotic formula: There exists an
$n_{0}$ such that for all $n>n_{0}$
$\gamma(n)=\{\cos(F(n))+E(n)\}\cross\exp(n$ log log $n+o(n))$
where $F(n)$ and $E(n)$ are real valued functions satisfying
$F(n)$ $=$ $- \frac{1}{2}\pi\frac{n}{\log n}+O(\frac{n\log\log n}{\log^{2}n})$ ,





1985, Y.Matsuoka [4], The ‘local” asymptotic formula: If $v$ is
sufficiently large and $c>0$ , then for all integers $n$ with $|n-v|<c\log v$
$\gamma(n)$ $=$ $\{\cos(F(v)-\frac{\pi}{2}\frac{n-v}{\log v})+O(\frac{\log\log v}{\log v})\}$





arbitrarily small. There exist infinitely many $n$ such that
$\gamma(n)$ , $\gamma(n+1)$ , $\gamma(n+2)$ , . . . $\gamma(n+y)$
have positive sign, where $y=[(2-\epsilon)\log n]$ . If $y=[(2+\epsilon)\log n]$ , then
there exist only finitely many $n$ with the property. Similar result for
negative sign holds, also
$(_{c}’$ ( ) $|\gamma(n)|\leq\exp$ $($nlog logn $+\epsilon n)$ for




$|\zeta(s)|$ $(s-1)\zeta(s)$ exponential type
“exponential type”
exponential type















$f(z)$ growth $(\rho, \tau)$
$e^{z}$ growth (1, 1)
$f(z)$ growth $($ 1, $\tau)$ $\tau$ $f(z)$
exponential type $f(z)$ growth
$($ 1, $\tau)$ $\tau$ $f(z)$ exponential type
$a_{n}$ $\rho$ $\tau$
:










$)$ , $\tau=$ lim $sup|\gamma(n)|^{1/n}$ $\tau$
$\ovalbox{\tt\small REJECT}arrow\infty$
exponential type
$|\gamma(n)|\geq\exp(n$ log log $n-\epsilon n$)
$n$
$|\gamma(n)|^{1/n}$ $\geq$ $\{\exp(n$ log log $n-\epsilon n$ ) $\}^{1/n}$
$=$ $\exp(\log\log n-\epsilon)$




















3. THE BEHAVIOR OF LAURENT $($ OR TAYLOR$)$ COEFFICIENTS ON
VARIOUS ZETA FUNCTIONS
We consider
$Z_{1}(s)= \sum_{n=1}^{\infty}\frac{f_{1}(n)}{\lambda_{n}^{s}}$ , $Z_{2}(s)= \sum_{n=1}^{\infty}\frac{f_{2}(n)}{\mu_{n}^{s}}$ ,
where $f_{1}(n),$ $f_{2}(n)\in \mathbb{C}$ and $1\leq\lambda_{1}<\lambda_{2}<\cdotsarrow\infty,$ $1\leq\mu_{1}<\mu_{2}<$
. . . $arrow\infty$ .
$\triangle(s)$ $:= \prod_{\nu=1}^{N}\Gamma(\alpha_{\nu}s+\beta_{\nu})$ , where $\alpha_{\nu},$ $\beta_{\nu}\in \mathbb{R}$ with $\alpha_{\nu}>0$ .
The Dirichlet series $Z_{1}(s)$ belongs to the class $\mathcal{D}$ , if the follow-
ing conditions $(i)-(v)$ hold:
(i) $Z_{1}(s)$ and $Z_{2}(s)$ have abscissas of absolute convergence $\sigma_{1}$ and $\sigma_{2}$ ,
respectively.
(ii) $Z_{1}(s),$ $Z_{2}(s)$ admit a meromorphic continuation to C.
(iii) For a domain $\sigma\leq\sigma_{1}$ , $Z_{1}(\sigma+ti)=O(1+|t|)^{-K_{1}\sigma+K_{2}}$ , where
$K_{1},$ $K_{2}>0$ and $-K_{1}\sigma+K_{2}>0$ .
(iv) The functional equation,
$Z_{1}(s)\triangle(s)=GK^{s}\triangle(m-s)Z_{2}(m-s)$
holds with some constants $K,$ $m\in \mathbb{R}$ and $G\in \mathbb{C}$ .
(v) The poles of $Z_{1}(s)$ and $Z_{2}(s)$ are only on the real axis.
Let $P_{1}$ $:=$ {pole of $Z_{1}(s)$ }. Then $P_{1}$ is finite set. The Laurent expan-
sion at $s=m$ (or Taylor expansion)
$Z_{1}(s)= \sum_{n=j}^{\infty}A_{m}(n)(s-m)^{n}$ ,
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where $j\in Z$ . When $0\leq n$ , we set $C_{m}(n)$ $:=n!A_{m}(n)$ .
Our purpose is to obtain an asymptotic formula of $C_{m}(n)$ , when
$Z_{1}(s)\in \mathcal{D}$ and to decide growth of $Z_{1}(s)$ .
Theorem 1. (2004, $H_{f}$ Ishikawa and J. Thuswaldner [2]) Assume
that $Z_{1}(s)$ belongs to the class $\mathcal{D}.$ If $P_{1}=\{m\}$ or $P_{1}=\emptyset,$ $t$ en $t$ $ere$
exists an $n_{0}$ such that, for all $n>n_{0}$ ,
$(-1)^{n}C_{m}(n)=$
$Gf_{2}(1) \{\cos(F(n)-\frac{\pi}{2}N+\sum_{\nu=1}^{N}(\alpha_{\nu}m+\beta_{\nu})\pi)+E(n)\}$
$\cross\exp(n$ log log $n+Q(n))$
holds. Here $Q(n),$ $F(n)$ are real valued $C^{\infty}$ -functions, $F(n)$ is monoton-
ically decreasing. $E(n)$ is a complex valued function. These functions
satisfy the following asymptotic relations:
$Q(n)$ $=$ $n \log 2A-\frac{n\log\log n}{\log n}+\frac{1}{2A}(-\log K\mu_{1}+2\sum_{\nu=1}^{N}\alpha_{\nu}\log\alpha_{\nu}$
$-2A-2A \log 2A)\frac{n}{\log n}+O(\frac{n(\log\log n)^{2}}{(\log n)^{2}})$ ,
$F(n)$ $=$ $- \frac{\pi}{2}\frac{n}{\log n}+O(\frac{n\log\log n}{\log^{2}n})$ ,
$E(n)$ $=$ $o( \frac{1}{\log n})$ ,
where $A= \sum_{\nu=1}^{N}\alpha_{\nu}$ . The number $n_{0}$ depends on the parameters $K$ ,
$\alpha_{\nu},$
$\beta_{\nu},$ $K_{1},$ $K_{2},$ $m$ . $\mu_{1}$ .
Theorem 2. (H. Ishikawa) Local asymptotic fornula: If $v$ is suf-
ficiently large and $c>0$ , then for all integers $n$ with $|n-v|<c\log v$
$(-1)^{n}C_{m}(n)$
$=$ $Gf_{2}(1) \{\cos(F(v)-\frac{\pi}{2}\frac{n-v}{\log v}+W)+O(\frac{\log\log v}{\log v})\}$
$\cross\exp(n\log\log n+Q(n))$ ,
where $W$ is a certain real valued constant.
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Using this result, we have
Theorem 3. (H.Ishikawa) The lower bound:
$|C_{m}(n)|\geq\exp(n$ log log $n+n \log 2A-(1+\epsilon)\frac{n\log\log n}{\log n})$
for infinitely many $n$ .
Let $\delta$ be the least non negative integer such that $(s-m)^{\delta}Z_{1}(s)$ is an
entire function. Using Theorem 3, we have
Corollary 1. (H. Ishikawa) The growth: An entire function
$(s-m)^{\delta}Z_{1}(s)$ is not exponential type.
Hence, we have obtained two ways to calculate $\tau$
direct
$C_{m}(n)$
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